Scattering of a plane harmonic SH wave by an arbitrary number of inclusions of general shape and placements within an elastic half-space is investigated by using a direct boundary integral equation approach. The integral equations have been reduced to a system of linear algebraic equations by using the linear elements. The structure of the resulting algebraic system is investigated and compared to the single-inclusion model. For convenience the multipleinclusion models are assumed to consist of the reference and the auxiliary inclusions. The reference inclusion has the same shape, placement and the material properties as those of the corresponding single-inclusion model. The auxiliary inclusions then surround the reference inclusion assuming different patterns.
I N T RO D U C T I O N
The effect of the near-surface irregularities upon the surface motion is of great interest in strong ground motion seismology. These irregularities include, for example, sedimentary basins, canyons, trenches and surface topography (Aki 1988) .
The geophysical and seismic prospecting on the other hand is concerned with measuring and analysis of the surface motion due to the presence of subsurface irregularities. The irregularities may comprise of cracks, cavities and inclusions. Subsequent analysis of the surface motion requires detailed understanding of how the presence of these irregularities affects the surface motion. One way of achieving this understanding is through modelling the scattering of elastic waves by various types of subsurface irregularities. Simple models incorporate only a single irregularity which do not account for the multiple scattering (e.g. Pao & Mow 1973) . More general models should critically examine the importance of multiple scattering in geophysical prospecting. This is the topic of this paper.
The problem of scattering of waves by a system of irregularities was originally considered by Foldy (1945) who considered scattering of scalar waves by a random distribution of isotropic scatterers. Using the integral equation approach average value of the wave function, the 1332 M. Dravinski and M. C. Yu average value of the square of its absolute value, and the average flux carried by the wave were derived. Lax (1951) generalized these results to include anisotropic scattering and the scatterers that are randomly, partially or completely ordered. Twersky (1952) investigated 2-D acoustic and electromagnetic multiple scattering by a planar configuration of parallel cylinders. Using an integral equation approach the scattered waves were derived for small radii compared to the wavelength. In addition, the wavelengths for which the effect of multiple scattering is greatest were investigated. Consequently, a criterion for the single scattering hypothesis was presented for the case of two cylinders. Subsequently, Twersky (1962) considered scalar multiple scattering by arbitrary configurations in three dimensions. Using integral equation approach the amplitudes of many objects in terms of corresponding functions for the isolated object were derived. In particular, closed forms were derived for two objects.
Using matrix T approach Varadan et al. (1978) investigated multiple scattering of SH waves by randomly distributed infinite cylinders embedded within a full space. Dynamic elastic properties of the composite medium containing circular and elliptic cylinders were found for the low-frequency limit. Phase velocities and damping effect of the composite medium were presented for a wide range of frequencies. Similarly, using a multiple scattering theory and statistical averaging Yang & Mal (1994) investigated scattering of SH, P and SV waves in a composite containing randomly distributed parallel fibres.
Multiple scattering of elastic waves studies can be also used in estimating the dispersion and attenuation of elastic waves. For example, using the wave function expansion method Kikuchi (1981a) determined the apparent dispersion and attenuation of elastic waves for a plane strain model consisting of uniformly distributed cracks for three independent modes of wave propagation: P, SV and SH. He extended this to the model involving uniformly distributed inclusions as well (Kikuchi 1981b) .
By using an indirect boundary integral equation approach Benites et al. (1992) , Benites et al. (1997) and Yomogida et al. (1997) investigated antiplane and plane strain models for scattering of elastic waves by system of many cavities embedded within a full space or a half-space. Incident plane SH, P and SV waves, as well as explosive line sources were considered. They showed that the amplification or reduction of motion due to a line source strongly depends upon the position of the line source relative to the region where the multiple cavities are located. In addition, they showed that the amplitudes of the multiple scattered phases, the attenuation of the direct wave and the duration of the seismograms appear to be larger when the line source is very near or within the heterogeneous region, than when it is outside.
Through direct boundary element method Kattis et al. (1999) considered multiple scattering of elastic waves by a row of piles embedded within an elastic half-space and subjected to a point harmonic surface load. The effectiveness of the pile barrier in reducing the surface motions is compared with those of trenches for larger wavelengths. They showed that the tranches are consistently more effective in reduction of the surface motion that the pile barrier.
Using steady-state direct boundary integral equation approach Antonio & Tadeu (2001) investigated 3-D scattering of elastic waves by infinite cylindrical cavities embedded within a full space and subjected to a point P source. Numerical results were presented for the case of two cavities. The results clearly show the importance of the second cavity upon the results.
Using the scattering matrix approach Robert et al. (2004) investigated 2-D resonant elastic scattering by a finite number of close cylindrical cavities embedded within an elastic matrix when subjected to plane harmonic P or SV waves. The incident waves were assumed to propagate perpendicularly to the infinite cylinder axes. The numerical results were given for one, two and three identical inclusions. They identified a significant difference in the interaction of the cavities when they are empty or fluid filled. Wang & Sudak (2007) analysed scattering of incident plane P and SV waves as well as an incident cylindrical P wave by a cluster of elastic circular cylinders embedded within a full space. Using multipole expansion technique analytic solutions for the scattered waves were derived for the case of imperfect bonding conditions between the cylinders and the surrounding media. Specifically, the tractions were assumed to be continuous while the displacements were discontinuous. Numerical results for directivity patterns and scattering cross-sections were presented for a finite hexagonal array of elastic circular inclusions with an imperfect interface. The results demonstrated that for incident plane SV wave the effects of multiple scattering dominates the response and it cannot be ignored. Avila-Carrera et al. (2008) investigated 2-D multiple scattering of elastic waves by a finite linear array of regularly distributed cylindrical obstacles when subjected to an incident antiplane shear wave. The solution was constructed by superposition of the cylindrical wave functions. The resulting infinite system was approximated by a finite one and the numerical results were given for various cases of cavities and inclusions.
Using the scattering matrix technique Conoir & Norris (2010) studied effective wavenumbers and reflection coefficients for an elastic half-space containing random cylindrical scatterers. The characteristic equation which provides the effective wavenumbers of coherent elastic waves was derived explicitly. Simple expressions for reflected coefficients of P and SV incidences on the surface of the half-space were obtained.
Similarly, Parnell et al. (2010) investigated effective properties of a composite half-space consisting of a homogeneous and inhomogeneous quarter spaces. The inhomogeneous part includes inclusions distributed within a homogeneous host material. The incident wave was assumed to propagate from the homogeneous into the inhomogeneous regions. Using integral equation approach the effective material properties of the inhomogeneous region were derived under the assumption of small inclusion concentration.
In general, modelling of the seismic scattering that includes arbitrary number of scatterers of arbitrary shapes can be studied by using numerical simulations (e.g. Frankel & Clayton 1986) or through laboratory experiments (e.g. Matsunami 1990) . At the present time the numerical approach seems an efficient way of modelling response due to scattering of elastic waves by an arbitrary number of inclusions of general shape and placements when subjected to an incident plane harmonic wave. This approach is adopted in this paper.
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Therefore, a direct boundary integral equation method is used to investigate steady-state wave scattering by an arbitrary number of inclusions of general shape embedded within an elastic half-space in an arbitrary fashion when subjected to a plane harmonic SH wave. The antiplane strain model assumes perfect bonding along the interfaces between the inclusions and the half-space. No further restrictions are imposed upon the solution of the problem. The resultant motion is determined throughout the half-space and in particular along the half-space surface. The role of additional inclusions and the multiple scattering of elastic waves upon the surface response are examined in detail for a wide range of parameters present in the problem, for example, angle of incidence, frequency, number of inclusions and different inclusions configurations. In particular, a specific measure is introduced to assess accurately the importance of the multiple scattering upon the surface response.
S TAT E M E N T O F P RO B L E M
The problem model depicted by Fig. 1 consists of an elastic half-space with free surface S 0 and domain D 0 : {|x| ≤ ∞; z ≥ 0} and n elastic inclusions S i ; i = 1 : n with the corresponding domains D i ; i = 1 : n. The system is subjected to an oblique incident plane harmonic SH wave with the off-vertical angle of incidence γ . The material of the media is assumed to be linearly elastic, homogeneous and isotropic. The Cartesian system is denoted by {x, y, z} and the n−dimensional real and complex vector spaces are denoted by R n and C n , respectively. All the field variables are assumed to be independent of the variable y thus x = (x, 0, z) ∈ R 3 with the z-axis pointing downwards. The problem under considerations is of the antiplane strain type with the motion taking place in the y-direction only; that is, the displacement vector is given by u = (0, v, 0). Without loss of generality the inclusions are assumed to be of elliptical shape with the major and minor axes a i and b i ; i = 1 : n, respectively, and with their centres located at (X i , 0, Z i ); i = 1 : n. The outward unit normal on various surfaces is denoted by n.
In the absence of body forces, the equations of motion in various domains are specified by
where k, β, μ and ρ represent the wavenumber, the shear wave speed, the shear modulus, and the density, respectively, while ω denotes the circular frequency. The indices () j indicate the variables corresponding to domain D j .
The perfect bonding along the inclusion interfaces S i can be written as
where f j denotes the tractions on S j . The traction free boundary condition on the surface of the half-space S 0 reduces to 
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where γ is the angle of incidence. Throughout the paper, the factor exp(−iωt) and the ω dependence will be omitted.
S O L U T I O N O F P RO B L E M
As the incident wave strikes the inclusions, it generates the scattered wave field. The motion within the half-space and the inclusions are then defined by
where v ff denotes the free field and the superscript sc describes the scattered waves. The scattered waves v sc 0 must satisfy appropriate radiation conditions at infinity (Kupradze 1963) .
Based on the single-inclusion model (e.g. Dravinski & Yu 2010) one can generalize the boundary integral equations for the half-space and the inclusions can be written as following:
where g j (x, y) and t j (x, y, n) denote the full space displacement and traction Green's functions, respectively, with the domain D j properties. In addition, v j ; j = 0, 1 : n and f j ; j = 1 : n denote the unknown displacement and traction fields, C j ; j = 0 : n are the free terms and PV denotes the principal value integrals. By applying the boundary and continuity conditions eqs (2)-(4), the integral equations (7) and (8) become
These equations must be solved for the unknown displacement and traction fields v 0 and f 0 along all of the boundary surfaces. Suppose that the boundaries S j ; j = 0 : n are discretized by using P j ; j = 0 : n linear elements. Then the total number of elements is denoted by K = n j=0 P j and the corresponding total number of nodes is marked as K 1 = K + 1. It should be noted that along the inclusion surfaces the number of elements is equal to the number of nodes. However, on the half-space surface the number of elements is P 0 and the corresponding number of elements is P 0 + 1. Then discretized integral equations (9) and (10) assume the following form:
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where the integration constants are defined by
Here J k , N m and L k denote, respectively, the Jacobian, the shape functions and the element length for the linear elements. In addition, H (0) 1 represent the Hankel functions of order zero of the first kind. The eqs (11) and (12) can be recast in the matrix form as A
where the matrices in the above equations are of the following size:
Here the vectors v ( j) ; j = 0 : n and f ( j) ; j = 1 : n denote the unknown displacement and traction vectors along the surfaces S j , respectively. The matrices j) and the vectors v ff , f ff are all known while the vectors v ( j) ; j = 0 : n and f ( j) ; j = 1 : n are to be determined.
Eqs (14) and (15) can be combined into a single system of equations
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and the forcing vector F is defined by
The system (17) can be now solved by using the standard Gauss elimination procedures. It is useful to examine the structure of the matrix A of the system (17) in more detail. For that end the matrix can be written in the following form:
The first row of the block matrices in A corresponds to the half-space. The subsequent rows describe the presence of the n inclusions in the problem. For the case of a single inclusion the system (17) reduces to the known form (e.g. Dravinski & Yu 2010) .
Once the system (17) is solved the displacement fields at any point of the model can be evaluated by using the following representations:
This completes the solution of the problem. The numerical results are considered next.
N U M E R I C A L R E S U LT S
For convenience, a dimensionless frequency is introduced as
where λ inc denotes the wavelength of the incident wave. Unless stated differently throughout the evaluation of the numerical results the following parameters are assumed:
μ j = 1/6; β j = 1/2; ρ j = 2/3; j = 1 : n; P j = 128; j = 1 : n;
To examine the role of multiple inclusions in the surface response it is useful to define first the reference single-inclusion model which consists of a circular inclusion of unit radius with its centre at (X 1 , Z 1 ) = (0, 2). The material properties of the half-space and the inclusion are defined by eq. (24). The surface response for the single-inclusion model is being compared with the corresponding multi-inclusion surface responses over the region {|x| ≤ 10; z = 0}.
For the multiple-inclusion models the following convention is adopted. The inclusion which is of the same shape and placement as the inclusion in the reference single-inclusion model is called the reference inclusion. The remaining inclusions are named the auxiliary inclusions. For the sake of simplicity all the inclusions in the multiple-inclusion models are assumed to consist of various combinations of the circular inclusions of unit radius with the material properties being the same as those for the inclusion in the reference single-inclusion model.
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The model parameters are chosen in such a way to minimize the required computations while retaining the key features of the problem. By assuming that all inclusions are of unit radius makes the geometry normalized with respect to the inclusions' radius. Consequently, the frequency range η ≤ 1 implies that the wavelength of the incident wave is greater or equal to the diameter of the inclusion and to the reference inclusion embedment depth Z 1 = 2. This means that the incident wave will clearly 'see' the presence of the reference inclusion at this depth. Higher frequencies would only require larger number of elements to discretize the system. The material properties of the half-space and the inclusions are chosen in such a way that corresponding impedance contrast ρ 0 β 0 /(ρ 1 β 1 ) = 3, which is the same as the impedance contrast in the Guttenberg Earth model between the bottom and top layer (Aki & Richards 1980) .
Size of the system
Before proceeding with evaluation of the numerical results it is instructive to examine in more detail the size of the linear system specified by eq. (17) as a function of the number of inclusions. To simplify the analysis it is assumed that all the inclusions are uniformly distributed in an m × m array within the half-space with the first row of the inclusion centres located at depth z = 2. The separation distance between the centres of the inclusion rows and columns is chosen to be equal three. All the inclusions are discretized by using the same number of Table 1 . Number of flops required to solve the linear system of equations (17) by using the LU-decomposition for models with different number of inclusions n. The range of frequencies is considered to be 0 ≤ η ≤ 2. elements, say P 1 . Then the number of equations in the system (17) is equal to
Here the number of nodes along the half-space surface is chosen to be P 0 = 20 × S 0 + 1 and the number of elements for each inclusion is P 1 = 128. For example, for the case of nine inclusions the model consists of a 3 × 3 array of inclusions. Similarly, for the case of n = 81 the model consists of a 9 × 9 array of inclusions, etc. The value of the half-space surface S 0 is chosen in such a way that the horizontal distance between the centre of the right most inclusion in the array and the point (S 0 /2, 0) is equal to 10, which is the same as that of the single-inclusion model. Now solution of the linear system of equations (17) by using the LU-decomposition requires approximately 2N 3 /3 flops (Van Loan 1997). For different number of inclusions the number of flops computed while solving the system of equations (17) is given by Table 1 . It is apparent from Table 1 that as the number of inclusions increases the computational effort required for solving the problem becomes significant: from less than a gigaflop for a single-inclusion model to the order of petaflops for the 729 inclusions model. Therefore, the number of inclusions in the model of interest will demand appropriate computational facilities to solve the problem at hand.
It should be emphasized the flops estimates given in Table 1 are valid only for the specified inclusion shapes and distribution. Different inclusion shapes and spacing will in general affect the value of the half-space surface S 0 and the number of elements required to discretize each inclusion, which will change the size of the system. Still, the results of Table 1 illustrate the computational effort that may be expected when analysing models with many inclusions.
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Testing of the results
To verify the results the transparency and the single-inclusion tests have been performed. In the transparency test the materials of the inclusions and the half-space are assumed to be the same which should result in the free field surface response. The one-inclusion tests involves a multiinclusion model (say, n = 3) in which materials of the auxiliary inclusions are assumed to be the same as that of the half-space while the material properties of the reference inclusion are taken to be equal to those in the single-inclusion model. Then the corresponding surface response is compared with a single-inclusion response considered previously by Dravinski & Yu (2010) .
As expected, the transparency results for different angles of incidence and at different frequencies show the surface displacement field amplitudes matching the free field results. To reduce the number of figures these results are omitted.
The results of the one-inclusion test (for the grazing incidence and the frequency η = 1) are displayed in Fig. 2 . It is evident from the figure that for the three-inclusion and single-inclusion models the corresponding surface responses agree very well throughout the half-space surface.
By introducing the following measure:
where v n and v n=1 denote the multiple-inclusion response vector atop the reference inclusion and the single-inclusion response, respectively, it is possible to compare more accurately the difference between the two responses. For the case depicted in Fig. 2 one gets v diff = 0.101 per cent, indicating excellent agreement between the two responses. Similar results are obtained for different angles of incidence and frequencies as well, but they are omitted to reduce the number of figures. This completes the testing of the results. The key features of the multi-inclusion models surface response are examined next.
Surface response for multiple-inclusion models
At this point it is useful to analyse the key features of the single-inclusion surface response as depicted in Fig. 2 . Apparently, for the grazing incidence the response is much more oscillatory in the illuminated than in the shadow regions of the half-space. Furthermore, even at the distances greater than five times the inclusion diameter the surface response in the illuminated region is very different from the corresponding free field results. Consequently for this type of problems the scattered waves may contribute significantly to the surface motion far away from the inclusion. This feature is important for the multiple-inclusion models since the scattered waves from the auxiliary inclusions may be interpreted as the supplemental 'incident' waves upon the reference inclusion. Therefore, the auxiliary inclusions which are far away from the reference inclusion may contribute considerably to the input motion and the surface response atop the reference inclusion.
To assess the importance of additional inclusions upon the surface motion the following models are considered. First, for the two-and three-inclusion models the auxiliary inclusions are being placed further and further away from the reference inclusion in both horizontal and vertical directions. By comparing the surface response atop the reference inclusion with that of the one-inclusion response it is possible to examine how the presence of additional inclusions affects the response atop the reference inclusion. To reduce the number of parameters the comparisons are being made only for two angles of incidence and at two frequencies. An illustration of the comparison for a two-inclusion model is depicted by Fig. 3 where the auxiliary inclusion's centre is placed to the right of the reference inclusion at [X 2 , Z 2 ] = [6, 2]. It is clear from the figure that the presence of the additional inclusion is strongly detected in the surface response for x > 2 and much less in the region x < −2. This is expected since the auxiliary inclusion is located to the right of the reference inclusion. It is interesting to note that although the auxiliary inclusion's centre is located more than three inclusion diameters away from the reference inclusion its influence upon the surface response in the region x > 2 is still significant. This is in agreement with the previous surface response analysis in which the scattered waves from the auxiliary inclusion can be interpreted as additional incident waves on the reference inclusion. Therefore, the results of Fig. 3 clearly demonstrate the importance of the interactions between the inclusions for the choice of parameters present in the problem. Table 2 . Surface motion difference parameter v diff based on the single-inclusion and the two-inclusion models when the position of the auxiliary inclusion in the latter model is being shifted horizontally away from the reference inclusion. The parameters for the two-inclusion models are a 1 = a 2 = b 1 = b 2 = 1. 
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By doubling the horizontal separation distance between the two inclusions to 12 resulted in the surface response depicted in Fig. 4 . Although the auxiliary inclusion's centre is located six diameters away from the reference inclusion's centre the surface response is still considerably affected by the presence of the additional inclusion for x > 2 and less for x < −2. Nevertheless as the separation distance between the inclusions increased the effect of the additional inclusion upon the surface response, as measured in terms of the parameter v diff , is reduced (compare Figs 3 and 4) .
The above calculations have been done for different two-inclusion models with the second inclusion being displaced horizontally at X 2 = −12, −6, −3, 3, 6, 12; Z 2 = 2. The results are summarized by Table 2 . It is evident from Table 2 that the presence of the auxiliary inclusion which is displaced horizontally away from the reference inclusion may significantly change the surface response atop the reference 
inclusion. This effect depends upon the spacing between the inclusions, side where the auxiliary inclusion is located and the angle and the frequency of the incident wave. For the grazing incidence, with the auxiliary inclusion in the illuminated region, the effect of the additional inclusion upon surface motion atop the reference inclusion is greater than when the auxiliary inclusion is placed in the shadow region of the reference inclusion. Next, the surface responses for the single-and two-inclusion models are compared when the auxiliary inclusion is being placed bellow the reference inclusion at locations (X 2 = 0; Z 2 = 5, 10, 20). This is illustrated for the cases Z 2 = 5 and Z 2 = 20 by the results depicted in Figs 5 and 6. It is evident from Fig. 5 that the presence of the auxiliary inclusion below the reference one may have a significant effect upon the surface motion as compared to the single-inclusion model. This can be observed for both vertical and grazing incidences. By placing the auxiliary inclusion even deeper (Fig. 6 ) resulted in overall reduction of the auxiliary inclusion effect upon the surface motion particularly directly atop the reference inclusion. However, away from that region the additional inclusion still may considerably affect the surface motion. Table 3 . Surface motion difference parameter v diff based on the one-inclusion and the two-inclusion models when the position of the auxiliary inclusion in the latter model is being shifted vertically away from the reference inclusion. The parameters for the twoinclusion models are a 1 = a 2 = b 1 = b 2 = 1. Table 4 . Surface motion difference parameter v diff based on the reference single-inclusion model and the three-inclusion models. The positions of the auxiliary inclusions are located horizontally away from the reference inclusion. The parameters for the three-inclusion models are a j = b j = 1; j = 1 : 3. The complete results for the auxiliary inclusion placed at different depths below the reference inclusion are summarized in Table 3 . It is apparent from Tables 2 and 3 that the effect of the auxiliary inclusion upon the surface motion of the reference inclusion is smaller when the latter one is being placed bellow than to the side of the reference inclusion. In other words the reference inclusion produces the shielding effect in the surface response when the auxiliary inclusion is located below it. In addition, for the vertically displaced auxiliary inclusions the grazing incident waves produced smaller effect upon the surface motion atop the reference inclusion than for the corresponding vertical incidence. Similar analysis has been performed for the three-inclusion models as well. These results are summarized in Tables 4 and 5 .
The results of Table 4 show that for the horizontally displaced auxiliary inclusions their influence upon the surface depends upon the frequency and the angle of incidence as well as upon the inclusions' positions. For both vertical and grazing incidences the presence of the two auxiliary inclusions produced greater effect upon the surface motion than in the case of one additional inclusion (Table 4 vs. Table 2 ). For the vertically spaced auxiliary inclusions the presence of additional inclusions produced similar effect upon the surface motion atop the reference inclusion for both incident waves (Table 5) . Again, the total effect of the additional inclusion is greater in the three-inclusion than in the corresponding two-inclusion models.
Finally, a case of nine inclusions of unit radius arranged in a three-by-three array is examined as well. For this model the reference inclusion is surrounded by the auxiliary ones in both horizontal and vertical directions. The surface response at the lower frequency and for the two angles of incidence is depicted in Fig. 7 . Apparently, the presence of additional inclusions significantly contributed to the surface response atop the reference inclusion. Thus the multiple-inclusion response is very different from the corresponding single-inclusion surface motion. This can be observed for the near-and the far-field motions and for both vertical and grazing incidences. The summary of the comparisons between the nine-inclusion and the single-inclusion models is given by Table 6 . The parameter v diff clearly demonstrates the importance of the additional inclusions in the surface response. From the cases considered in this paper the peak value of v diff is observed for the nine-inclusion model. 1,1,1,1,1,1,1,1 b=1,1,1,1,1,1,1,1,1 X=-3,0,3,-3,0,3,-3,0,3 Z=2,2,2 ,5,5,5,8,8,8 =0.5 =90 vdiff=40.2% 1,1,1,1,1,1,1,1 b=1,1,1,1,1,1,1,1,1 X= -3,0,3,-3,0,3,-3,0,3 Z=2,2,2,5,5,5,8,8,8 =0.5 =0 vdiff=57.3% Therefore, the presented results clearly demonstrate that the presence of the multiple inclusions may be very important in assessing the corresponding surface motion amplification. The interaction of the scattered waves between the reference and auxiliary inclusions will in general change the surface response atop the reference inclusion. This change is observed for a wide range of parameters present in the problem (e.g. the geometry, the number of inclusions, the frequency and the angle of incidence). Consequently, for the range of parameters considered in this paper, the interaction between the inclusions should be taken into account when modelling surface motion amplification. 
C O N C L U S I O N S
Scattering of a plane harmonic SH wave by a system of multiple inclusions of arbitrary shape and locations embedded within an elastic half-space was investigated by using a direct boundary integral equation approach. The integral equations have been reduced to a system of algebraic equations by using linear elements. This system was solved by using the standard Gauss elimination procedure. The surface response for multiple-inclusion models was compared with the response of the corresponding reference single-inclusion model. The multiple-inclusion models were assumed to consist of the reference and the auxiliary inclusions. The reference inclusion is assumed to be of the same shape and placement as the inclusion in the single-inclusion model. The auxiliary inclusions are placed away from the reference inclusion in both horizontal and vertical directions. By comparing the surface response of the single-inclusion model with the response atop the reference inclusion in the multiple-inclusion models it was possible to examine in detail the role of the auxiliary inclusions upon the surface motion. For the models studied in this paper the results can be summarized as follows:
'Two-inclusion models' The presence of the auxiliary inclusion may have a significant effect upon the motion atop the reference inclusion. This effect depends upon the frequency and the angle of incidence of the incident wave and the geometric configuration of the auxiliary inclusions. For horizontally separated inclusions and the grazing incidence when the auxiliary inclusion placed in the illuminated region of the reference inclusion the effect of the additional inclusion upon surface motion atop the reference inclusion is greater than when the auxiliary inclusion is placed in the shadow region of the reference inclusion. For the vertically separated inclusions the effect of the auxiliary inclusion upon the surface motion was consistently larger for the grazing than for the vertical incidences.
'Three-inclusion models' Again the presence of auxiliary inclusions may have a strong effect upon the surface motion atop the reference inclusion. As in the two-inclusion models this effect depends upon the nature of the incident wave and the geometry of the problem. For both horizontally and vertically spaced inclusions the influence of the auxiliary inclusions upon the surface motion atop the reference inclusion was greater in the three-inclusion models than in the corresponding two-inclusion models.
'Nine-inclusion models' In this model the reference inclusion is surrounded by the auxiliary inclusions in both horizontal and vertical directions. The results show that the surface motion atop the reference inclusion may be strongly affected by the presence of the auxiliary inclusions. This demonstrated that for the range of parameters considered in this paper the interaction between the inclusions appears to be very important in the resulting surface motion. From the models investigated in this paper the effect of the auxiliary inclusions upon the surface motion atop the reference inclusion was found to be the greatest for the nine-inclusion model. Therefore, presented results clearly demonstrate the importance of the additional inclusions in the surface response atop the reference inclusion. This suggests that the interaction of the multiple inclusions may play a significant role in the resulting surface motion.
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